The descriptive theory of Borel sets is developed for a fairly general class of spaces. For a satisfactory theory it seems to be necessary to work with a Hausdorff space subject to the condition that each open set can be expressed as a countable union of closed sets. Under this condition it is shown that the descriptive Borel sets form a Borel ring of analytic absolutely Borel sets containing the compact sets. It is shown that a set in a metric space is descriptive Borel if and only if it is Lindelof and absolutely Borel.
The theory of Borel sets can be developed transfinitely by use of transfinite sequences of sets constructed according to specified rules; it can be developed abstractly by forming minimal systems of sets satisfying appropriate conditions; or it can be developed descriptively by studying a specially simple class of analytic sets. The transfinite and the abstract methods seem to be essentially equivalent and to be applicable in any topological space; but the descriptive method seems to be satisfactory only in a limited class of space. The descriptive theory is entirely satisfactory in a complete separable metric space (see, for example, Sierpinski 1952) . The generalized theory of analytic sets initiated by Choquet (1951 Choquet ( ,1953 Choquet ( -54, 1959 suggests the possibility of a more general descriptive theory of Borel sets; and indeed Choquet (1953-54) and Sion (1960 Sion ( 1961 have made notable contribu tions to such a theory.^ However, it seems to me th at the approach to the theory of analytic sets th a t I have developed recently (Rogers 1964 ) is more appropriate than Choquet's approach for a descriptive theory of Borel sets.
A set in a Hausdorff space will be called a descriptive Borel set if it can be con structed in a certain canonical way from the compact sets of the space (see § 2 for detailed definitions of the terms used in this section). I t follows th at the descriptive Borel sets form a system of sets, containing the compact sets, and closed under the operation of countable disjoint union and of countable intersection. A standard argument shows th at the descriptive Borel sets are Borel sets in the classical sense and th a t they are in fact absolutely Borel relative to Hausdorff spaces.
The assumption,! introduced by Choquet and used also by Sion, th at each difference between compact sets of the space can be expressed as a countable union of compact sets, implies th a t each set of the Borel ring generated by the compact sets is descriptive Borel. The slightly stronger assumption, that each open set of the space can be expressed as a countable union of closed sets, implies th at the descrip tive Borel sets form a Borel ring and that the intersection of a descriptive Borel set with any Borel set is a descriptive Borel set. Further, a modified version of f See Bressler & Sion (1964) for a summary of the theory and for references. % See Sion (1961) for some interesting results concerning this assumption.
[ 455 ] arguments of Lusin (1930) shows that a continuous countable-to-one image in a Hausdorff space, all of whose open sets are countable unions of closed sets, of a descriptive Borel set in a Hausdorff space is descriptive Borel.
In a metric space, the assumptions mentioned in the last paragraph are auto matically satisfied; further a set will be descriptive Borel if and only if it is Lindelof and absolutely Borel relative to metric spaces.
These results are sufficient to suggest th at in many spaces the descriptive Borel sets will form a significant class of sets, larger than the Jf'-Borelian sets, but sharing many properties with the JT-Borelian sets.
C. A. Rogers

D e f in it io n s
In this section we summarize the definitions we shall need later; those th at are not quite standard will be recalled again when they are first used.
A topological space is said to be Hausdorff if each pair of its points can be sepa rated by open sets.
A set in a topological space il is said to be a Borel set if it belongs to every system 38 of sets of Q satisfying the conditions:
(a) 38 contains all closed sets of II, (b) 38 is closed under the operation of taking countable unions, (c) 38 is closed under the operation of taking complements with respect to Q; it is easy to verify th at the system of Borel sets is the minimal system satisfying the conditions ( a) , (b) and (c). A set is said to belong to the Borel ring generated from a system 33 of sets if it belongs to the minimal system of sets containing 33 and closed under countable union and set difference; this minimal system always exists; and, if 33 consists of Borel sets, so does the Borel ring generated from 33.
A set is said to be Borelian-Jf if it belongs to the minimal system of sets, con taining the system 33 and closed under countable union and countable intersection; again the minimal system always exists; it is clearly contained in the Borel ring generated by 33.
A set in a Hausdorff space is said to be absolutely Borel relative to Hausdorff spaces, if the set is Borel in each Hausdorff space in which it can be topologically embedded. Similarly, a set in a metric space is said to be absolutely Borel relative to metric spaces, if it is Borel in each metric space in which it can be isometrically embedded.
If Q is a Hausdorff space 33( £ l ) or simply 33 will be used to den all compact subsets of fl.
3 3w ill be used to denote the closed sets of £1. to denote the open sets of Q. I will be used to denote the spaces of all sequences i = ij, • • • of positive integers with the metric p(i,j) = n ( i ,j ) = min. n, 'lnz¥jn where when i 4= j . A function K from I to Jf" will be said to be semi-continuous if, for each i0 in I and open set Go f Q with . n Uo) C ^5 we have K {i ) c: G for all i sufficiently close to i0. A set in a Hausdorff space Q will be said to be an analytic set if it has a representa tion in the form u m (i) ie l where Ki s a semi-continuous function from I to this definition is slightly dif ferent from th a t given by Rogers (1964) , but it is equivalent to it. If there is such a representation in which each set A(i) contains at most one point, the set will be called a classical analytic set.
A set in a Hausdorff space fi will be said to be a descriptive Borel set if it has a representation in the form (1) with K a semi-continuous function from I to satisfying the condition:
If there is such a representation in which each set i) contains at most one point, the set will be called a classical descriptive Borel set. A set is said to be Lindelof if it has the property that, if it is covered by any system of open sets, then it is also covered by a countable subsystem of the given system of open sets.
A space will be said to satisfy condition I, if each difference between compact sets of the space is a countable union of compact sets of the space. A space will be said to satisfy condition II, if each open set of the space can be expressed as a countable union of closed sets; a Hausdorff space satisfying condition II auto matically satisfies condition I.
The symbol c will be reserved for the cardinal of the continuum.
3. G e n e r a l r e s u l t s T h e o r e m 1. The descriptive Borel sets in a Hausdorff space form a system of sets closed under the operations of countable disjoint union and countable intersection and containing the compact sets.
Proof. If K is compact it has a representation in the required form (1) subject to (2) on taking 
Clearly A(i) is compact for each i in I. I t remains to prove th at K is a semi-con tinuous function from I to X'(Cl). Suppose that i0e I, th at G is open, and th at Proof. The result may be proved by methods of Lusin (1930, pp. 157-165 Then A(i\n), just as it should, depends only on iv i2, and is independent of in+ i , in+2, .... For each fixed n there are countably many sets A(i\n) and, as A descriptive Borel, it is easy to see th at these are a disjoint system of analytic sets. So, for each n, a disjoint system B(i\n) of ^-Borelian sets can be chosen with C. A. Rogers
A(i\n) cr B(i|w), for each i in I.
For each i in I we define sets C{i\n) inductively by
Here the bar denotes the closure operation. Then each set C(i\n) is a Borel set. Also, by induction, = 0 (, |n) c
The set R e m a r k . I t follows from this result th at a closed analytic set in a Hausdorff space is not necessarily a descriptive Borel set. Take A to be an analytic set on the real line Rx which is not a Borel set in Rv Then A is a closed analytic set in the H aus dorff space A but is not absolutely Borel relative to the Hausdorff spaces and so is not descriptive Borel.
R esults und er conditions I and II
A preliminary lemma on Borel systems will be useful. Proof. The result may be proved by the transfinite method following Lusin (1930, pp. 40-45) . The following proof uses the abstract approach. First note th at the intersection 38x of all the systems ^satisfying the conditions:
(i) ^ is closed under countable disjoint union; (ii) 38 is closed under countable intersections; and (iii) £8 contains all sets of the form H 1 -with in 33 \ itself satisfies these conditions. So the minimal system of the statem ent of the lemma exists and coincides with 38 x. Further the system of the sets generated by ^sa tisfie s conditions (i), (ii) and (iii); consequently 38x <= 38Q .
If H0, Hx, H2, ... is any sequence of sets of the sets
33 \so th at the sets H k -U i-0 form a disjoint system of sets belonging to 38x. Hence the set / °o
belongs to 38x. Thus 38x satisfies the condition: (iv) 38 contains all sets expressible as a J^.-set less a set of ^3. Now let 3 82 be the system of all sets o f^ th at are subsets of some ^-s e t . Clearl 382is a system of sets satisfying the defining conditions (i), (ii), (iii) for 38x. As 382is contained in 38x and 38x is minimal, it follows th at 382 = 38x. Hence 38x satisfies the condition:
(v) each set of 3 8i s a sub-set of some J^-set. Now let 3 83 be the system of sets B of 38x with the property th at if C is any ^-s e then C -B belongs to 38x. The defining conditions f o r^ will be examined in turn. These results show th at the subsystem 3 of 38x satisfies the defining conditions for 38x. Hence 383 -38x and 38x satisfies the condition: (vi) if B belongs to 38 and C is an ^.-se t, then C -B belongs to 38. I t is now easy to verify th at the system 38x satisfies the defining conditions for the Borel ring generated by Considering the second condition first, let Bx, B 2 be sets of Bx. Then, by (v) there is an ^.-s e t C with B x <= C. Thus, using (vi), 
is a disjoint union of sets of 38x and so belongs to 38x. Thus 38x is closed under count able unions. Further, as 0 belongs to the condition (iii) ensures th at MJ belongs to 38x. Hence 38x satisfies the defining conditions for the Borel ring 38^ generated by and 38qc 38x.
Combining this with (4) we have 3 80 = 38x as required.
C. A. Rogers
C -B -U i=l
The next theorem depends on the use of:
Co n d it io n I. Each difference between compact sets is a countable union of compact sets.
T h e o r e m 3. I f Q is a Hausdorff space satisfying condition I, then each set of Borel ring generated from the compact sets of Q is descrip R e m a r k . Hilbert space (see theorem 8 below) is descriptive Borel but does not belong to the Borel ring generated from its compact subsets; so that, in general, the class of descriptive Borel sets will be larger than the Borel ring generated by the compact sets.
Proof of theorem 3. By theorem 1, the system of descriptive Borel sets is closed under countable disjoint union and countable intersection. By corollary 1 to lemma 2 below the system of descriptive Borel sets contains all sets of the form K 1 -K 2 with K v K 2 in the system of compact sets of By lemma 1, i the system of descriptive Borel sets contains the Borel ring generated by
The remaining results of this section depend on the use of: For each j in I put 71= 1
Then F(j) is closed. Also, if j ,k are in I and j 4= k, after interchanging j and k, if necessary, there will be a unique positive integer n with
Hence F(k\n + 1) n jP(j|w) = 0 and F(k) n F(]) = 0.
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Thus all the sets j) are disjoint. Now, if x e F ( j ) ,t hen xeF(jx)aF.
So \JFQ)<=F.
je i (5)
On the other hand, if x e F,let hx be the smallest integer with x£F(hx).
Thus h2 can be taken to be the smallest integer with xeF(hv h2).
Proceeding inductively in this way hx,h2, ... can be chosen so th at x£ F(hx, h 2 , ..., h n ) 1 ,2,...).
Write h = hx,h2, .... Then x e i^h ) = f| F(h\n).
n-1
Consequently F cz (JA^j). Thus K is semi-continuous from I x I to X as requir Corollary l. In a Hausdorff space satisfying condition I, the diff two compact sets is descriptive Borel.
Proof. Let H, K be compact sets in a Hausdorff space satisfying condition I. Then Hi s a space satisfying condition II and is the intersection of the J^-set H -K with the descriptive Borel set H. Hence the result follows.
In order to state and prove a second Corollary, it is convenient to have a further Proof. The result follows by the method of proof of lemma 2; it is only necessary to add the remark th at the fact th at the sets CnK( i)
are disjoint suffices to ensure th at the sets Proof. Let 3d be the system of all Borel sets of with the property th intersection of B with any descriptive Borel set of £2 is descriptive Borel. If B is any set of the form I f -H2 with I f, I f closed, then it follows from condition II th at B is an jF.-set, and, by Lemma 2, the intersection of B with any descriptive Borel set in £2 is descriptive Borel. Thus £8 contains all sets of the form Hx-If with If, H2 closed. I t follows immediately from theorem 1 th at the system 3d is closed under the operations of countable disjoint union and countable intersection. Consequently, by lemma 1, the system 3d contains the Borel ring generated by the system 3P of closed sets. But, by condition II, this Borel ring contains all the Borel sets of fl. This shows that the intersection of any Borel set with a descriptive Borel set is a descriptive Borel set. Now, if Bx and B2 are descriptive Borel sets, then by theorem 2, B2 and Q -B2 are Borel sets in £2, so, by the result of the last paragraph,
B1-B 2 = B1
is a descriptive Borel set. It follows, by the argument of the penultimate paragraph of the proof of lemma 1, th at the system of descriptive Borel sets is closed under the operation of countable union. Thus the descriptive Borel sets form a Borel ring and the proof is complete.
Corollary 1. Let £2 be a Hausdorff space satisfying condition II. T of an analytic set, which is descriptive Borel relative to a set C, with a Borel set in £2 is an analytic set, which is descriptive Borel relative to C.
Proof. I t suffices to relativize the first paragraph of the proof of theorem 4 replacing Lemma 2 by corollary 2 to lemma 2.
Corollary 2. Let £2 be a Hausdorff space satisfying condition II. Then the inter section of an analytic set in II with a Borel set in £1 is an analytic set in £1.
Proof. Take C = 0 in corollary 1. The same result may also be obtain simply from the simple observation th at the intersection of a closed set and an analytic set is clearly analytic.
A classical result of Lusin (1930) implies th at a continuous image of a Borel set is always a Borel set unless there are uncountably many points in the image, each of which arises from uncountably many points in the original Borel set. The final theorem (theorem 6) of this section gives a generalization and refinement of this result. The general development and many of the details of the proof follow Lusin Before giving the lemmas th at will be necessary for the proof it seems desirable to give some motivation. The idea of the proof is to suppose th at A is an analytic set with the usual canonical representation and th at A is not descriptive Borel. Then a construction is given of a compact set H of cardinal c with the property prohibited by the hypotheses of the theorem. The construction starts from the assumption th a t A is not descriptive Borel, which trivially implies th at there is no descriptive Borel set B with ^4 c
bc
The construction works throughout with analytic subsets of with the property th a t there is no descriptive Borel set B with A' a B^A .
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One advantage of working with such a set A' is th a t it is necessarily non-empty (otherwise B could be taken to be 0). Two steps in the construction depend on split ting such a set A' into smaller sets, the first process splits A' into two sets A'n Fx, A' nF2 where Fx, F2 are disjoint closed sets. The second process dep being of the form , r . l ' n ( n i^( i ? ))), where i( xn), ...,i( rw), are r disjoint n -v ectors, and F is similar set A" th a t is the intersection of a closed set with the intersection of 2r subsets of A arising from 2r disjoint subsets of I. This ensures th at each point of lies in F n K ( i) for at least 2r vectors i in I. The first splitting process leads to a diadic construction for the set H of cardinal c, the second leads to a diadic construc tion for the perfect sets P /(. The first process is the simpler; it depends on 
i = W x ( u i , )
A' a B c: A.
Hence, taking F -Ft for some i, we will have a closed set with a IF , and with no descriptive Borel set B satisfying king GCl -F ,we have aeG and there is no descriptive Borel set B with i ' n G c^c i .
Using condition II and the same argument we can find a closed subset F' of G with the property that there is no descriptive Borel set B with A'nF' a B a A.
The sets F, F' now satisfy our requirements.
The second splitting process depends on the last of a sequence of four lemmas. being the intersection of an analytic set and a Borel set is analytic by corollary 2 to theorem 4. The set A{ 2) is also analytic by lemma 4. But the interse two analytic sets is Aj_ n {Aqn A f)n (flBx) = n A{2 > ) n So, by the well known separation theorem for disjoint analytic sets (see Rogers (1964) for the form required here) there is a Borel set 0 with (^l0n y l1) n ( n -j B 1) <= 0 , for just one i in I. Thus Aj is an analytic set which is descriptive Borel Borel set 0. I t follows from corollary 1 to theorem 4 th at n 0 is an analytic set, which is descriptive Borel relative to 0, and so is descriptive Borel. Now
B2 -{A^ r> 0} u is descriptive Borel and
This contradicts the hypotheses and proves the lemma. Now, by lemma 6, there must be a descriptive Borel set B2 with n = n A <= c a .
p = 1 P=1
This contradiction to the hypotheses proves the lemma. Proceeding inductively in this way using lemma 3 and the corollary to lemma 7 alternatively we can choose a sequence of integers w(l) < 2) < 3) < a system of closed sets (ux, ...,ur ,ur + x , a x ,...,ar ,ar + x ) The results in this section are very close to well-known classical results; but they do not seem to appear in such a satisfying form in the literature. F(j1,j2, ... ,jn+1) is a closed subset of one of the closed sets £ n+1 +1) making up En+1. Any such choice of the representation suffices for the inductive definition of the required sets.
For each j in I put ,0 (j) = 1 Then F(j) is closed. Also, just as in the proof of lemma 2, if j, k are in I and j 4= k, it follows that F(k)nF{)) = 0 .
Further, if x £ F (j ) for some j in I then, x e n F (j|rc ) czC[En^E.
n-1 n^l
On the other hand, if x e E,then xeEn for each n. Let hx be the s Wlth xeF(hx) = XMl).
Then
x e E 2n{Q.-U F(k)} = U k<ht j2 = l Thus, h2 can l)e taken to be the smallest integer with xeF(hv h2).
Proceeding inductively in this way, as in the proof of lemma 2, hv h2, ... can be chosen so th at , . . . xeF(h1} h2,...,hn) 1,2,. ..).
Thus
Hence xeF(h) = f) F(h|w). which is contained in the closed sphere with cen tre/(j) and radius 2~n+1. Thus F is a mapping from I to the compact sets of 12 (containing one point or empty) which is semi-continuous at the points j of I with F(j) 4= 0. Now suppose th a t j e l and th at F (j ) = 0. Suppose th a of points of I converging to j with F ( j< r)) * 0 1,2,...).
By taking a suitable subsequence, if necessary, we may suppose th at j(r)|r = j|r ( = 1,2,.. Then, for r = 1 ,2 ,..., r r f |F ( j » = CiF(^\s) = > F(j«) *
S=1 8=1
Since the sets f|
form a decreasing sequence of closed non-empty sets with diameter tending to zero in a complete space, it follows th a t .f(j) = n n ^(j|«) + 0. Proof. The result th at an analytic set in a Hausdorff space is Lindelof is due to Sion (19606) ; his proof works for our definition as well as for Choquet's. The result th a t a descriptive Borel set in a Hausdorff space is absolutely Borel relative to Hausdorff spaces is Theorem 2 above. I t remains to prove the first assertion.
Let f2* be the completion of Q under its metric. Then B is Lindelof and Borel in fl*. By theorem 7, there is a classical descriptive Borel set B* in with Bc = where Bc denotes the closure of B in £2*. Now as 12* is metric, it satisfies condition II. So B -B B*, being the intersection of a classical descriptive Borel set and a Borel set, is a classical descriptive Borel set in 12* by theorem 4 (after the minor modifications necessary to replace descriptive Borel sets by classical descriptive Borel sets). Hence J? is a classical descriptive Borel set in 12.
